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Abstract
The aim of this note is to give a direct proof of the fact that the Steinberg formula holds for the
Vaserstein symbol and the universal weak Mennicke symbol. We also give an alternate proof of the
fact that the Steinberg formula holds for the Vaserstein symbol.
 2009 Elsevier GmbH. All rights reserved.
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1. Introduction
Throughout this note, R stands for a commutative ring with unity, for n1, Mn(R) the
set of all n × n matrices over R and GLn(R) the group of invertible n × n matrices over
R. A row v = (a1, a2, . . . , an) ∈ Rn is said to be unimodular of length n, if there is a row
w= (b1, b2, . . . , bn) ∈ Rn such that v ·wt = 1, where wt stands for the transpose of w. The
set of all unimodular rows of length n over R will be denoted by Umn(R).
Given  ∈ R, for i  j , let Ei j () = In + ei j , where In denotes the identity matrix and
ei j ∈ Mn(R) is the matrix whose only non-zero entry is 1 at the (i, j)-th position. Such
Ei j () are called elementary matrices. The subgroup of GLn(R) generated by Ei j (), is
called the elementary subgroup of GLn(R) and will be denoted by En(R).
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There is a natural action of invertible matrices (via matrix multiplication) on the set of
unimodular rows, given explicitly by: v ∈ Umn(R) goes to v, where  ∈ GLn(R). Note
that if one has v ·wt = 1, for some w ∈ Rn , then (v)(w(−1)t )t = 1 and so v ∈ Umn(R).
In particular, En(R) the elementary subgroup of GLn(R), also acts on Umn(R). With this
action one can define a relation ∼E on Umn(R): if v,w ∈ Umn(R), then v∼Ew if v = w
for some  ∈ En(R). ∼E is an equivalence relation. Let Umn(R)/En(R) be the set of
equivalence classes of v ∈ Umn(R) under the equivalence ∼E and we call this the orbit
space of unimodular rows under elementary action.
The orbit space of unimodular rows under elementary action has been studied by topol-
ogists and algebraists. In fact, it was the topologists who initiated this study, with the main
motivation for it coming from algebraic topology: if C(X ) denotes the ring of continu-
ous real valued functions on a topological space X , then every unimodular vector v ∈
Umn(C(X )), n2, determines a map
arg(v) : X −→ Rn − {0} −→ Sn−1.
(The first is by evaluation, and the second is the standard homotopy equivalence. As n2,
we may ignore base points.) Clearly, vectors in the same elementary orbit define homotopic
maps. We thus get an element [arg(v)] of [X, Sn−1], where [X, Sn−1] is the set of homotopy
classes of continuous maps from X to Sn−1. Studying properties of the set [X, Sn−1] is
crucial for attaching topological invariants to the given space X . In fact, Freudenthal (see
[4]) defined a group structure on the set of homotopy classes of continuous maps from a
separable, compact metric space X of covering dimension less than or equal to n, to Sn .
For the definition of covering dimension see [8], Section 2. (Also see [14], Section 1.) The
study of the set of homotopy classes of maps from Sn to a compact and locally contractible
space X of arbitrary covering dimension was done by Hurewicz (see [5]). It was Borsuk in
1936, who indicated how to define a group structure in a more general setup, of which the
results of Freudenthal and Hurewicz were special cases. In particular, Borsuk [3] indicated
that for n > 1, the set [X, Sn−1] is a group if X is a Hausdorff, normal topological space of
covering dimension strictly less than 2n − 3. This group is called the (n − 1)st cohomotopy
group of X and is denoted by n−1(X ). Invention of cohomotopy groups was an important
contribution of Borsuk to topology. Cohomotopy groups were studied in detail by Spanier
[8] as they provided a powerful tool for the classification of maps of a space into a sphere.
In the same paper, he showed that the then known classification theorems could be obtained
more simply using the group structure on the set of homotopy classes of maps.
Motivated by these results from algebraic topology, algebraists became interested in
understanding the orbit set of unimodular rows under elementary action over a commutative
ring R with unity. An appropriate notion of dimension in the algebraic context was that of
“stable dimension”, which we recall below and which will be used throughout this note.
Let (Rn) stand for the following condition introduced by Bass (cf. [1]): suppose that for
every (b1, b2, . . . , bn, bn+1) ∈ Umn+1(R) there exist ci in R (depending on the bi ) such
that (bi + ci bn+1)1 in ∈ Umn(R). Let sr(R) denote the infimum of natural numbers n
such that (Rn) holds. If no such n exists, sr(R) = ∞. sr(R) is called the stable rank of R.
By definition, stable dimension of R (denoted by sdim(R)) is one less than the stable rank.
In the topological situation, an interesting particular case occurred for a finite CW-
complex X of dimension (i.e. the maximum dimension of cells of X ) d2. L.N. Vaserstein
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showed in [14] that in this case the ring C(X ) has stable dimension d. For d < 2n − 3 i.e.
d2n − 4, the natural map
Umn(C(X ))/En(C(X )) −→ [X, Sn−1] = n−1(X ),
is bijective and thus the orbit space possesses a group structure.
To obtain similar results in algebra as above, for a ring R of stable dimension d, one
needed a suitable target group and a map from the orbit space to that group. The relevant
group is the “elementary symplectic Witt group”, whose definition we recall below. (For
details see [10,2].) Given matrices M and N , let M ⊥ N denote the matrix ( M0 0N ). Let
1 = ( 0−1 10 ) and for r2, define r =r−1 ⊥ 1. The elementary symplectic Witt group,
denoted by WE (R), is the abelian group on the equivalence classes of stably equivalent
alternating matrices of Pfaffian one w.r.t. E(R) = ∪n En(R). The group operation, denoted
by ⊥ is defined as: [] ⊥ [′] = [ ⊥ ′]. The identity element is [r ] and the inverse is
given by []−1 = [−1], if  ∈ SL2r (R), r even and for the inverse in case r is odd see
[10], Section 3.
Then came the remarkable idea of Vaserstein, which was as follows: given v = (a, b, c),
w= (a′, b′, c′) ∈ Um3(R) with v ·wt = 1, one can associate an alternating matrix V (v,w)
of Pfaffian one to the pair (v,w) as follows:
V (v,w) =
⎛
⎜⎝
0 a b c
−a 0 c′ −b′
−b −c′ 0 a′
−c b′ −a′ 0
⎞
⎟⎠ .
The map V : Um3(R)/E3(R) −→ WE (R) given by [v] −→ [V (v,w)] is called the
Vaserstein symbol. The important theorem in this context is as follows:
Theorem 1.1 (Vaserstein [10], Corollary 7.4). Let R be a ring such that stable dimension
of R is less than or equal to two. Then the map V : Um3(R)/E3(R) −→ WE (R) given by
[v] −→ [V (v,w)] is a bijection.
It is of interest to know how the group structure looks and it is given by the Vaserstein
rule.
Theorem 1.2 (Vaserstein’s rule [10], Theorem 5.2). Let (a, b, a3), (c, d, a3) ∈ Um3(R).
Choose e, f ∈ R such determinant of  = ( a
e
b
f ) has image 1 in R/(a3). Assume that at
least one of the pairs (a, c), (a, d), (b, c), (b, d) is unimodular over R/(a3). Then
[V (c, d, a3)] ⊥ [V (a, b, a3)] =
[
V ((c, d)
(
a b
e f
)
, a3)
]
.
This formula does not need any assumption on stable dimension of R.
In view of the Mennicke–Newman lemma (cf. [13], Lemma 3.2), which says that if R
is of stable dimension two then any two unimodular rows of length 3 can be elementarily
transformed to have all but one of their coordinates equal, the Vaserstein rule will completely
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describe the group structure on the orbit space Um3(R)/E3(R). A normal expectation in
K-theory is that the group structure has the property [V (x, a2, a3)] ⊥ [V (1 − x, a2, a3)] =
[V (x(1 − x), a2, a3)]. We call this the Steinberg formula for the Vaserstein symbol. We
establish this.
Similarly, for higher sizes van der Kallen [12] introduced the notion of a universal weak
(higher) Mennicke n-symbol, which is a map
wms : Umn(R)/En(R) −→ WMSn(R),
satisfying certain properties, where WMSn(R) is a group, not necessarily abelian.
In [13], Theorem 3.3, it has been shown that the universal weak Mennicke symbol
WMSn(R) satisfies the Steinberg formula, if d2n − 4, where d is the stable dimen-
sion of R. We show that this restriction on d, n is superfluous and the same proof enables
us to give an alternate proof of the validity of the Steinberg formula for the Vaserstein
symbol.
2. Operations on orbit space
Let R be a ring, n3 an integer and  : Umn(R) → G, G a group be a pointed map.
We give below a list of properties for , which may hold only under certain conditions
depending on the ring R (more specifically its stable dimension) and the length n. For
details regarding various properties, the reader is urged to look up the references provided
in brackets.
Following Suslin [9], we say that  is a Mennicke symbol (of order n) if G is abelian
and properties [MS1] and [MS2] given below hold:
[MS1] For every  ∈ En(R) and v ∈ Umn(R), we have (v) = (v).
[MS2] (a1, . . . , ai a′i , . . . , an) = (a1, . . . , ai , . . . , an)(a1, . . . , a′i , . . . , an).
[RR] Ravi Rao’s antipodal rule: (see [6], (1.3))
(a1, a2, . . . , an) = (−a1, a2, . . . , an).
[St] Steinberg formula: (see [13], Section 3)
(x, a2, . . . , an)(1 − x, a2, . . . , an) = (x(1 − x), a2, . . . , an).
[V1] Vaserstein’s equivalence: (see [15])
If t ∈ R is invertible modulo the ideal (a3 R + · · · + an R), then
(a1, . . . , an−1, an)∼E (a1, . . . , tan−1, tan)∼E (a1, . . . , an−1, t2an).
[V2] Vaserstein’s power operations: (see [15], Introduction)
For k0, for all 1 i, jn and (a1, . . . , ai , . . . , an) ∈ Umn(R),
(a1, . . . , aki , . . . , an)∼E (a1, . . . , akj , . . . , an).
[V3] Vaserstein’s crossed operation: (see [10] Lemma 13.1; [15] Lemma 3)
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For n3, let a = (ai )∼E a′ = (a′i ) ∈ Umn(R) and u, v ∈ R such that a1u − 1
belongs to the ideal (a2 R + · · · + an R) and a′1v − 1 belongs (a′2 R + · · · + a′n R).
Then, (u, a2, . . . , an)∼E (v, a′2, . . . , a′n).
[V4] Vaserstein’s rule: (see [10], Theorem 5.2)
Let (b, a2, . . . , an), (a, a2, . . . , an) ∈ Umn(R). Choose p ∈ R such that ap − 1
belongs to the ideal (a2 R + a3 R + · · · + an R). Then,
(b, a2, . . . , an)(a, a2, . . . , an) = (a(b + p) − 1, (b + p)a2, . . . , an).
[WK] W. van der Kallen’s formulae: (see [12], Lemma 3.5)
[WK1] If for (q, a2, . . . , an), (1 + q, a2, . . . , an) ∈ Umn(R) and some r ∈ R one has
r (1 + q) − q belongs to the ideal (a2 R + · · · + an R), then
(r, a2, . . . , an)(1 + q, a2, . . . , an) = (q, a2, . . . , an).
[WK2] With p such that ap − 1 belongs to the ideal (a2 R + a3 R + · · · + an R),
((a, a2, . . . , an))−1 = (−p, a2, . . . , an).
[WK3] (a, a2, . . . , an)(b2, a2, . . . , an) = (ab2, a2, . . . , an).
[WK4] (a, a2, . . . , an)(b, a2, . . . , an) = (b, a2, . . . , an)(a, a2, . . . , an).
Remark 2.1. Note that [RR], [V2], [V3] and [WK1] too are useful properties to remember
in the context of unimodular rows, though they may not be used in this note.
3. Steinberg formula for the Vaserstein symbol
It is known that formulae [MS1] ([10], Theorem 5.2 (a1)), [V4] ([10], Theorem 5.2 (a2))
and [WK4] (as WE (R) is abelian) hold for the Vaserstein symbol. In this section we show
that [St] holds for the Vaserstein symbol.
Theorem 3.1. Let R be a ring. Then, the Steinberg formula holds for the Vaserstein symbol
i.e., in WE (R), one has
[V (1 − x, a2, a3)] ⊥ [V (x, a2, a3)] = [V (x(1 − x), a2, a3)].
Proof. Suppose one has x(1 − x) + a2a′2 + a3a′3 = 1, for some  ∈ R. Then,
[V (1 − x, a2, a3)] ⊥ [V (x, a2, a3)] := [V (1 − x, a2, a3) ⊥ V (x, a2, a3)]
=
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 1 − x a2 a3 0 0 0 0
−(1 − x) 0 a′3 −a′2 0 0 0 0
−a2 −a′3 0 x 0 0 0 0
−a3 a′2 −x 0 0 0 0 0
0 0 0 0 0 x a2 a3
0 0 0 0 −x 0 a′3 −a′2
0 0 0 0 −a2 −a′3 0 (1 − x)
0 0 0 0 −a3 a′2 −(1 − x) 0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
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We now perform elementary row and column operations as dictated by the definition of
WE (R) on the matrix above: more precisely, on choosing a suitable elementary matrix, first
a column operation is performed (i.e. post multiplication by this elementary matrix) and it is
immediately followed by the same operation performed on the rows. (i.e. pre-multiplication
by the transpose of that elementary matrix).
The matrices are E51(1), E62(1), E23(−a2), E24(−a3), E13(a′3), E26(−x), E27(−a2),
E28(−a3), E14(−a′2), E17(a′3), E18(−a′2), E15(−x), E84(−1), E48(1 − x), after which we
get: [V (1 − x, a2, a3)] ⊥ [V (x, a2, a3)] = [1] ⊥ [Z ],
[Z ] =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 x a2x a′3x 0 1
−x 0 a3 −a′2 (1 − x) 0
−a2x −a3 0 x − x2 a2 − a2x 0
−a′3x a′2 −x + x2 0 a′3 − a′3x 0
0 −(1 − x) −a2 + a2x −a′3 + a′3x 0 1
−1 0 0 0 −1 0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
Performing on [V (1 − x, a2, a3)] ⊥ [V (x, a2, a3)], the elementary operations E84(1 −
x), E85(−a2x), E86(−a′3x), E48(−1), E35(a3), E36(−a′2), E37( − 1), gives:
[V (1 − x, a2, a3)] ⊥ [V (x, a2, a3)] = [2] ⊥ [Y ], where
[Y ] =
⎡
⎢⎢⎢⎣
⎛
⎜⎜⎜⎝
0 x(1 − x) a2 a3
−x(1 − x) 0 a′3 −a′2
−a2 −a′3 0 
−a3 a′2 − 0
⎞
⎟⎟⎟⎠
⎤
⎥⎥⎥⎦= [V (x(1 − x), a2, a3)],
proving [V (1 − x, a2, a3)] ⊥ [V (x, a2, a3)] = [V (x(1 − x), a2, a3)], in WE (R). 
Corollary 3.2. Let R be a ring of stable dimension less than or equal to 2. Then, in
Um3(R)/E3(R) one has the Steinberg formula
[(x, a2, a3)] ∗ [(1 − x, a2, a3)] = [(x(1 − x), a2, a3)].
Proof. By Theorems 1.1 and 3.1 above, clearly, in Um3(R)/E3(R),
[(x, a2, a3)] ∗ [(1 − x, a2, a3)] = [(x(1 − x), a2, a3)]. 
Theorem 3.3. Let A be a smooth affine algebra of dimension 3 over a perfect C1 field. Then,
the group structure on Um3(A)/E3(A) is given by the Steinberg formula:
[(x, a2, a3)] ∗ [(1 − x, a2, a3)] = [(x(1 − x), a2, a3)].
Proof. By [7], Corollary 3.5, Um3(A)/E3(A) is in bijection with WE (A), via the Vaserstein
symbol. Using Mennicke–Newman lemma ([13], Lemma 3.2) and Theorem 3.1, we have
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for any v,w ∈ Um3(A),
[v] ∗ [w] = [(x, a2, a3)] ∗ [(1 − x, a2, a3)] = [(x(1 − x), a2, a3)]. 
4. Steinberg formula for weak Mennicke symbol
In this section, we prove that the Steinberg formula holds for the universal weak Mennicke
symbol.
Lemma 4.1. With  as in Section 2, one has [MS1] + [V1] + [V4] 
⇒ [WK3].
Proof. The proof is essentially the same as in [12], Theorem 3.16. We write it here for the
sake of completeness. Let (a, a2, . . . , an), (b, a2, . . . , an) ∈ Umn(R) and choose p ∈ R
such that bp ≡ 1(mod J ), where J is the ideal generated by a2, a3, . . . , an in R. Then,
b2 p2 ≡ 1(mod J ) and
(a, a2, . . . , an)(b2, a2, . . . , an)
= (b2(a + p2) − 1, (a + p2)a2, . . . , an) (by [V4])
= (b2(a + p2) − 1, (a + p2)a2[1 + (b2(a + p2) − 1)], a3, . . . , an) (by [MS1])
= (b2(a + p2) − 1, (b(a + p2))2a2, a3, . . . , an).
Taking t = b(a + p2) in [V1], one has tb ≡ 1(mod I ), where I is the ideal generated by
b2(a+ p2)−1, a4, . . . , an i.e., t is invertible modulo I and(a, a2, . . . , an)(b2, a2, . . . , an)
=(b2(a + p2) − 1, a2, . . . , an) = (ab2, a2, . . . , an). 
Proposition 4.2. Let R be a ring, G a group and n3 be an integer. Then, for  :
Umn(R) → G one has [MS1] + [V1] + [V4] + [WK2] 
⇒ [St].
Proof. Following the notations of Section 2 and taking b = x , a = x(1 − x) and p =  in
[V4], where  is chosen such that x(1− x) ≡ 1(mod J ) i.e., 1+x2 ≡ x(mod J ), where
J = (a2 R + · · · + an R) is the ideal of R generated by a2, . . . , an .
Let [White] represent the fact that ( 01 −10 ) ∈ E2(R). Thus,
(x, a2, . . . , an)((x(1 − x), a2, . . . , an))−1
= (−(x − x(1 − x)) − 1, (x − x(1 − x))a2, . . . , an) ([V4] + [WK2])
= (−x2 − 1, x2a2, . . . , an)
= (x2a2, 1 + x2, a3, . . . , an) ([White] + [MS1])
= (x2, 1 + x2, a3, . . . , an)(a2, 1 + x2, a3, . . . , an) (Lemma 4.1)
= (a2, x, a3, . . . , an) as (x2, 1 + x2, a3, . . . , an)∼E (1, 0, . . . , 0),
 is a pointed map and 1 + x2 ≡ x(mod (a2 R + · · · + an R))
= (−x, a2, . . . , an) (Repeated [White] + [MS1])
= ((1 − x, a2, . . . , an))−1 ([WK2]). 
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Corollary 4.3. Let R be a ring and n3 be an integer. Then, the Steinberg formula holds
for the universal weak Mennicke symbol (see [12])
wms(1 − x, a2, . . . , an)wms(x, a2, . . . , an) = wms(x(1 − x), a2, . . . , an).
Proof. Replace  by wms in Proposition 4.2. 
Note that Proposition 4.2 gives us an alternate proof of Theorem 3.1.
Corollary 4.4. Let R be a ring and n3 be an integer. Then, the Steinberg formula holds
for the Vaserstein symbol i.e.,
[V (x, a2, a3)] ⊥ [V (1 − x, a2, a3)] = [V (x(1 − x), a2, a3)].
Proof. Replace  by the Vaserstein symbol in Proposition 4.2. 
Corollary 4.5. Let n3 be an integer and R be a ring of stable dimension 2n −4. Then,
in Umn(R)/En(R), one has
[(x, a2, . . . , an)] ∗ [((1 − x), a2, . . . , an)] = [(x(1 − x), a2, . . . , an)].
Proof. The proof follows from [12], Theorem 4.1 and Proposition 4.2. 
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